We investigate a hybrid heterostructure with magnetic skyrmions (Sk) inside a chiral ferromagnet interfaced by a thin superconducting film via an insulating barrier. The barrier prevents the electronic transport between the superconductor and the chiral magnet, such that the coupling can only occur through the magnetic fields generated by these materials. We find that Pearl vortices (PV) are generated spontaneously in the superconductor within the skyrmion radius, while anti-Pearl vortices (PV) compensating the magnetic moment of the Pearl vortices are generated outside of the Sk radius, forming an energetically stable topological hybrid structure. Finally, we analyze the interplay of skyrmion and vortex lattices and their mutual feedback on each other. In particular, we argue that the size of the skyrmions will be greatly affected by the presence of the vortices offering another prospect of manipulating the skyrmionic size by the proximity to a superconductor.
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Skyrmions (Sk) are topologically stable field configurations which have been originally proposed by Tony Skyrme in 1962 in the context of particle physics [1] . The first observation of skyrmions in chiral ferromagnets in 2009 [2] , stimulated an intense research efforts devoted towards the understanding of the underlying physical mechanisms and the realization of skyrmionhosting systems suitable for applications. Initially, the appearance of magnetic skyrmions in ferromagnets with Dzyaloshinskii-Moriya interaction [3, 4] has been predicted in Ref. [5] , refereed to as magnetic "vortices". Although magnetic skyrmions were identified in single crystals of magnetic compounds with a non-centrosymmetric lattice [2, 6, 7] , there were more recently observed in ultrathin magnetic films epitaxially grown on heavy metals such as Fe/Ir(111) interfaces. Those interfaces are subject to large Dzyaloshinskii-Moriya interaction (DMI) induced by the broken inversion symmetry at the interface and due to the strong spin-orbit coupling of the neighboring heavy metal atoms. [8] .
The theory of magnetic skyrmions has been developed in many publications (see for example [5, [9] [10] [11] [12] [13] [14] ). Skyrmions are accompanied by a degree of freedom known as their helicity ψ, which is determined by their spin swirling direction. It has been experimentally demonstrated that the helicity of skyrmions can be changed via a small external magnetic field [15] . This opens the exciting prospect that any physical quantity that responds to a change in the skyrmion helicity degree of freedom will be controllable via an external field. A crucial property of magnetic skyrmions is also their solitonic nature. Their finite extension allows them to move or interact as particles and to be excited at specific dynamical modes making them attractive for spintronics applications.
At the same time, one of the interesting aspects of the potential development in the field of spintronics is a heterostructures consisting of magnetic and superconducting layers. As a matter of fact, the interplay between superconductivity and ferromagnetism in hybrid structures has received much attention in recent years [16] [17] [18] [19] , due to its interest from a fundamental physics viewpoint and also because of improved and new functionality brought about by using superconductors in spintronics [20] . Nevertheless, the interaction between topologically non-trivial magnetic inhomogeneity -skyrmions and superconducting vortices remains largely unexplored. Earlier experimental [21] [22] [23] and theoretical [24] [25] [26] [27] [28] [29] [30] studies concern mostly the Josephson effect in single Josephson SFS junctions with a ferromagnet F containing non-uniform (chiral) magnetic texture, topological classifications and the impurity bound states, induced by the skyrmions. Furthermore, more recent theoretical work discussed the presence of skyrmions in F/SC heterostructures where a strong proximity effects plays a crucial role [31] . The authors used a ballistic limit so that it is yet not clear whether the proposed effects can be observed in a realistic heterostructure.
In this letter we consider a heterostructure consisting of a chiral ferromagnet with a skyrmion crystal (SkX) which is interfaced by a thin superconducting film SC via a thin insulating barrier such that the interaction occurs only via the magnetic fields generated by the magnetic skyrmion. We will show that in this geometry the vicinity of Sks induces the so-called Pearl vortices (PV) [32, 33] in the S film, which affects in turn the Sk size and lowers its energy. We start by considering the simplest case of a Bloch Sk in the presence of a single PV and then extend the consideration to the case to the skyrmion lattices. The antivortices compensating the magnetic flux of the PVs are located outside the Sk. We analyzed the stable topological configurations and show that the vortex fields offer a way of manipulating the skyrmionic sizes.
Model : We consider a heterostructure composed by a chiral ferromagnet with magnetic skyrmion and a thin superconducting film interfacing the ferromagnet as shown A chiral ferromagnet CM with a skyrmion crystal (SkX) is interfaced to a thin superconducting film SC via a thin insulating barrier such that the interaction occurs only via the magnetic fields generated by the magnetic skyrmion. Note that the vortices in the superconducting film will be generated by the attractive vortex-skyrmion interaction.
in Fig.1 . We neglect a possible proximity effect assuming that it is weak or absent (in the case of an insulating layer between the SC and F film). The coupling occurs solely via magnetic fields generated by the PVs and Sk. In thin superconducting films Abrikosov vortices [34, 35] are transformed into Pearl vortices (PV) which are characterized by a weakly screened vortex field such that the field mainly runs outside the superconductor. As was shown previously, these can be spontaneously generated in superconducting/ferromagnetic (SF) bilayers [36] [37] [38] . In order to find the equilibrium structure of the magnetization M inside the ferromagnet and the location of the PVs and PVs in the superconducting film, we have to find a minimum of the total free energy of the system E tot which can be written in the following form
where E tot consists of the energies associated with the Sk and the PVs. The energies E Sk,V and E Sk,V describe the interaction energy between a skyrmion and a PV and PV, respectively. Furthermore, the vortex-vortex, vortex-antivortex, and antivortex-antivortex interaction energies are given by E V,V E V,V and E V,V , respectively. The location of vortices depends on the size and helicity of the skyrmions, and whether one considers an isolated Sk or a skyrmion lattice and several other parameters of the system. The magnetic energy E mag of chiral ferromagnet can be written in the form [5, 39] 
where J and D are the strength of the spin-exchange (exchange stifness) and Dzyaloshinskii-Moriya interactions. For simplicity we assume that M 0 is a constant, but the obtained result is unchanged if a softening of the absolute value of the magnetic moment, M 0 , is taken into account. In the latter case, the term dη
should be added to the energy E mag [11] . The last term
Dependence of the interaction energy between a Bloch Sk and a PV as a function of the distance R from the skyrmion center. IB,Λ (a) and IB,r Sk (b) are proportional to the energy EB,V via Eq. (7) in Eq. (2) denotes the interaction of the Sk with an external magnetic field H ext . We assume that the field H ext is absent since the role of the external field can be played by the fields h V and h V generated by the PV and PV, respectively. In the simplest case, the magnetization vector M(r) in the chiral ferromagnet is oriented along the z-direction in the center of a cylindrically symmetric skyrmion and changes its direction like a Bloch (or Nèel) domain wall with increasing distance ρ from the center. The skyrmion radius r Sk can be identified as the distance at which the magnetization M z changes its sign. In general the magnetization profile of a magnetic skyrmion in the F thin film can be described by the magnetization vector M(r) = M 0 m(ρ, ϕ) where M 0 is the saturation magnetization and m(ρ, ϕ) is equal to [39] m(ρ, θ) = sin(θ(ρ))[cos(ψ)ê ρ + sin(ψ)ê ϕ ] + cos(θ(ρ))ê z (3) here θ(ρ) describes the angular variation of the skyrmion with respect to the distance from the Sk center and ψ is the helicity of the skyrmion. The helicity for a Bloch and Nèel skyrmion is given by ψ = π 2 and ψ = π, respectively.
Single Vortex : Consider first the case of a single PV inside a Sk at a distance R from the Sk center of a single skyrmion assuming that the antivortex PV is located far away from the center of the Sk. For simplicity we consider a Bloch skyrmion. The interaction energy between a PV and the magnetization of a Sk (Zeeman energy) is determined by the equation
with 2d being the thickness of the ferromagnet. The function h V describes the magnetic field created by the PV. Using a linear Ansatz for θ(ρ ) = πρ the magnetic energy E mag can be simplified to
with the numerical coefficients a J = π(π 2 + 2.44), a D = π 2 [39] . To further simplify the expressions we consider two limiting cases (i) the size of the PV is larger the size of the Sk i.e. Λ r Sk or (ii) the opposite case, Λ r Sk . The interaction energy between the Bloch skyrmion and the Pearl vortex then acquires the following form dk I(R, r Sk ) with I(R, r Sk ) = 2 sinh kd e −kd J 0 (kR)m z (k), describe the interaction of a PV located at distance R from the center of the Bloch skyrmion. They are plotted in Fig.  2 . Observe that for 2d larger or of the same order as r Sk the interaction between Pear vortex and Bloch skyrmion is attractive (negative) in both cases for R < r Sk , which is one of the most important results of our study. This indicates that once the Pearl vortex is created by the interaction between Sk and PVs, it will form a stable topological object. Although the interaction between vortices can be neglected, to make sure the total flux in the superconductor is zero we still need to take into account the energy contribution 2E V needed for the creation of the PV-PV pair, so that the total energy can be written as
where ξ is the superconducting coherence length. The last term is the doubled energy of a PV in the absence of an external magnetic field [32, 33, 38] . The stray field of the Sk decreases this energy, but we neglect this correction which is small for a thin SC film. Note that for a PV to occur the condition Λ ξ must be satisfied. If the vortex-vortex interaction is neglected, the PV is given by the minima of the interaction energy E Sk,V . For a Bloch Sk this corresponds to the position at the skyrmion center R = 0.
Skyrmion lattice: Following Ref. [39] , the energy of a skyrmion crystal (SkX) can be obtained by multiplying E SkX with the total number of Sks fitting in our system of area L 2 . With this Ansatz N = L πr 2 Sk such that the total energy has now the form
where we set R = 0 as it minimizes the energy independently from the size of the Sk. In order to determine an analytic expression for the Sk radius r Sk , we will consider a thin ferromagnetic filmd 1. Doing so we can factorize the r Sk dependence out I B,Λ and I B,r Sk resulting in I B,Λ (0, r Sk ) ≈ −2dr
Sk c 1 and I B,r Sk (0, r Sk ) ≈ −2dr
Sk c 2 where c 1 ≈ 0.86 and c 2 ≈ 2.13. The total energy in the limit Λ r Sk can now be written as
For this limit the appearance of PV-PV pairs leads to the renormalization of the interactions,J = J 1 + 
The renormalization of the coefficients J and D results in an increased effective exchange stiffnessJ and increased effective Dzyaloshinskii-Moriya constantD. One can easily see that the presence of PVs changes the ratio in Eq.(10) resulting in an increase or decrease of the Sk sizer Sk . In particular, the Sk shrinks if the condition 2dM 0 ≥ φ 0 ln Λ ξ /π 2 c 1 r 0 is satisfied. Furthermore, the presence of PV-PV pairs lowers the energy of our system. Indeed the difference δE = E tot,B (0,r Sk ) − E mag (r 0 ) is
which is negative if the Sk shrinks.
In the opposite limit Λ r Sk the total energy of a SkX has the following form The contributions of the PV energy 2E V and the Sk-PV interaction energy E B,V renormalize the exchange
, whereas D remains the same. Again, we can easily show that the Sk radius r Sk shrinks if the condition 2dM 0
2 c 2 Λ is fulfilled. In a real system the periodic lattice configuration of the Sk-lattice determines the position of Anti-Pearl vortices. The interaction between PV and Sk is minimal at the vertices's of the Sklattice located atR = √ 3r Sk from the Sk center. Thus we can assume that thePVs are not positioned arbitrary far away but stay in the vicinity of the Sk unit cell. By including the energy contributions associated with the PVs the free energy is given by
where E B,V denotes the PV-Sk interaction. The energy contributions E V,V and EV ,V associated with interactions of PV with PV and other PV can be found in the appendix for the hybrid structure shown in Fig.3 . We performed a numerical minimization of the total free energy of the SkX with respect to the skyrmion size r Sk . The result is shown in Fig.4 for the two limiting cases Λ r Sk and Λ r Sk , where we plottedr = r Sk /r 0 against the saturation magnetization M 0 with r 0 being the skyrmion radius in absence of PVs. We can see that as soon as the interaction of the PVs and PVs gets weaker, the size of the skyrmion is changed. Comparing the energy of the system with PV-PV pairs E SkX (r Sk ) with the energy without vortices E SkX (r 0 ). One can show that the case Λ ξ is not energetically favorable which is due to the overlapping vortex regions of the PV. However for Λ ξ the overlap only occurs if the the size of the Sk shrinks since the vortex positions are given in terms of r Sk , resulting in a lower energy of the system compared to a system without vortices. In this case, a weak interaction between Sks and vortices makes it favorable to decrease the Sk size to maximize the overlap between the PV and the PVs, while keeping the interaction among PVs minimal.
Conclusions. We considered a superconductor/chiral ferromagnet heterostructure with magnetic skyrmions in the ferromagnet. We showed that Pearl vortices appear spontaneously in the thin superconducting film as it happens in superconducting/ferromagnetic bilayers with ferromagnetic domains in the ferromagnetic film [36] . These PVs lower the energy of the system and shrink the Sk radius r Sk . The number of the occurring PVs may be larger than one. It is determined by the balance of the force of attraction to the center of the Sk and the force of repulsion between PVs. Anti-vortices PVs compensating the magnetic flux of the PV are situated outside the skyrmion. The magnetic field created by PVs acts on the skyrmion as an external magnetic field so that a Sk lattice may exist in the system under consideration even in the absence of an external magnetic field. Finally, we argue that the size of the skyrmions will be greatly affected by the presence of the vortices offering another prospect of manipulating the skyrmionic size by the proximity to a superconductor.
In this section we want to determine the vortex field generated by a PV. The solution can be obtained by solving London's equation, where the PV enters the equation through a source term.
where λ L is the London penetration depth. Using ∇ · h = 0 Eq.(15) can be written as
We will now rewrite Eq. (16) and Eq. (17) for the Fourier components h(k, z) = d 2 ρ h z (ρ, z) exp(−ikρ).
∂ zz h(k, z) − k 2 h(k, z) =0 Vacuum (19) with κ P = k 2 + λ 
which is the solution for the Pearl vortex field. In the limit of a thin ferromagnetic film we obtain h ⊥ (k, z) = − φ 0 sgn(z ∓ d) ik k 1 1 + 2kΛ e −ikR (22) h z (k, z) =φ 0 1 1 + 2kΛ e −ikR (23) Vortex-Vortex interaction
The interaction between two vortices can be described using [32, 33, 35] E V,V (r) = φ 
where r is the distance between the vortices. We further introduced a lower cut-off given by the vortex-core region ξ SC . In the limit Λ r Sk , the vortex interactions terms are given by 
where E V is again the energy needed for the creation of a single PV (see Eq. (8)).
In the limit Λ r Sk , the energies of the vortex interaction takes the following form
